In this paper a singularly perturbed convection-diffusion equation with a discontinuous source term is examined. Boundary and weak interior layers appear in the solution. A numerical method is constructed for this problem which involves an appropriate piecewise-uniform mesh. The method is shown to be uniformly convergent with respect to the singular perturbation parameter.
Introduction
We are concerned with a two point boundary value problem for a singularly perturbed convection diffusion equation with a singular perturbation parameter ε. The novel aspect of the problem under consideration is that we take a source term in the differential equation which has a jump discontinuity at one or more points in the interior of the domain. This gives rise to an interior layer in the exact solution of the problem, in addition to the boundary layer at the outflow boundary point. Our goal is to construct an ε-uniform numerical method for solving this problem, that is a numerical method which generates ε-uniformly convergent numerical approximations to the solution and its derivatives. Note that problems with discontinuous data were treated theoretically, in the case of the reaction-diffusion equation in, for example, [5] . The analytical techniques developed there are extended in a natural way to the problems considered in the present paper. In [2] , we also examined the behaviour of interior layers that arose in a class of singularly perturbed reaction-diffusion problems. As here, these interior layers were generated from a discontinuity in the source term, but unlike the convection-diffusion problem here the interior layers were strong in [2] . Here they are weak. In a companion paper [3] to this paper, we analyzed robust numerical methods for convection-diffusion problems with strong interior layers.
In the next section we describe the problem and we establish a comparison principle and some a priori estimates of the solution and its derivatives. In section 3 we construct a piecewise uniform mesh, which is fitted to the interior and boundary layers. The numerical method is defined by using the standard upwind finite difference method on this mesh. We state and prove a comparison principle for the discrete problem. We introduce a decomposition of the discrete solution in Section 4 and prove a sequence of lemmas, which lead to the statement and proof of the main theoretical result, namely the ε-uniform convergence in the global maximum norm of the approximations generated by the finite difference method. The paper ends with a section containing the conclusions.
Statement of the problem
A singularly perturbed convection-diffusion equation in one dimension with a discontinuous right hand side term is considered on the unit interval Ω = (0, 1). A single discontinuity in the right hand side is assumed to occur at a point d ∈ Ω. It is convenient to introduce the notation Ω − = (0, d) and Ω + = (d, 1) and to denote the jump at d in any function with [ω](d) = ω(d+) − ω(d−). The corresponding two point boundary value problem is
Singularly perturbed convection diffusion problems of this form, where the data are sufficiently smooth have been examined extensively by many authors [4] , [1] . If one assumes that a, f ∈ C 1 (Ω), then a boundary layer appears in the solution near the point x = 0 and the solution u ε is in C 2 (Ω). In this paper, we construct and analyse a parameter-uniform numerical method for problems of the form (P ε ).
Let L ε denote the differential operator occurring in (P ε ), which is defined as
Then L ε satisfies the following comparison principle onΩ.
Assume that α > α 2 > α 1 . Let q be a point at which v attains its maximum value inΩ. If v(q) ≤ 0, there is nothing to prove. Suppose therefore that v(q) > 0, then the proof is completed by showing that this leads to a contradiction. With the above assumption on the boundary values, either
which is also a contradiction. The only possibility remaining is that q = d. Note that
An immediate consequence of the comparison principle is the following stability result.
Lemma 2 Let u ε be a solution of (P ε ), then
It follows from the maximum principle that Ψ ± (x) ≥ 0 for all x ∈Ω, which leads at once to the desired bound on u ε . Prove the remaining bounds on the derivatives using the arguments in [1] .
Consider the following decomposition. Define the C 0 (Ω) functions v 0 and v 1 by
We now define v ε by
As in [1] , we can obtain the following bounds on the derivatives of v ε for k = 1, 2, 3,
Define the layer component of the decomposition as follows
We can further decompose w ε as
where w 1 is the boundary layer function satisfying
and w 2 is the interior layer function satisfying
(2.5c)
For each integer k, satisfying 0 ≤ k ≤ 3, the solution w 1 of (2.4) satisfies the bounds |w
where C is a constant independent of ε.
Lemma 4 For each integer k, satisfying 1 ≤ k ≤ 3, the solution w 2 of (2.5) satisfies the bounds
Proof. To find the bound for w 2 use Lemma 1 and the barrier functions −φ ± w 2 , where
To bound the derivatives of w 2 over the domain
Note also that L ε w 2 = 0, x ∈ Ω + , where w 2 (d) is specified and w 2 (1) = 0. Use separate arguments on Ω − and Ω + from [1] to finish. Hence, in general, the solution has a boundary layer near x = 0 and a weak interior layer in the region to the right of x = d. Note that although w 2 = O(ε) is small, it is of the same order throughout all of Ω − . This contrasts with w 1 whose influence is only significant in the layer region near x = 0.
Discrete Problem
A fitted mesh method for problem (P ε ) is now introduced. On Ω a piecewise-uniform mesh of N mesh intervals is constructed as follows. The domain Ω is subdivided into the four subintervals
. On each subinterval a uniform mesh with N 4 mesh-intervals is placed. The interior points of the mesh are denoted by . It is fitted to the singular perturbation problem (P ε
We introduce the following notation for the four mesh widths
On the piecewise-uniform mesh Ω N ε a standard upwind finite difference operator is used. Then the fitted mesh method for (P ε ) is
The following lemma shows that the finite difference operator L N ε has properties analogous to those in Lemma 1 for the differential operator L ε .
Lemma 5 Suppose that a mesh function Z satisfies
Proof : Let x p be any point at which Z(x p ) attains its maximum value on Ω N ε . If Z(x p ) ≤ 0 there is nothing to prove. Suppose therefore that Z(x p ) > 0, then the proof is completed by showing that this leads to a contradiction. By the assumptions,x p = 0, 1. Consider first the case of x p = d. Without loss of generality, assume x p < d. Because Z attains its maximum value at x p it is clear that
To avoid a contradiction, L N ε Z(x p ) = 0. This implies that
Repeat the argument at the point x p−1 . Continue until x 0 is reached and then contradiction is achieved. Let us now consider the case of
and so
). Repeat earlier argument to reach the desired contradiction.
Error analysis
Define the function V ε to be the solution of 
We define W ε to be the solution of
where, throughout this section, we denote the jump in the discrete derivative of a mesh function Z at the point
Analogously to the continuous case we can further decompose W ε as
where W 1 (the discrete analogue of the boundary layer function w 1 ) is defined as the solution of
and W 2 (the discrete analogue of the weak interior layer function w 2 ) is defined as the solution of
(4.9c)
As in [1] ,
and |W 1 | ≤ CN −1 for all x i ≥ σ. Note that the jump at x = d in the derivative of the weak interior layer function w 2 is bounded. The next lemma establishes the discrete counterpart of this.
Lemma 6
The following ε-uniform bound
is valid, where W 2 is the solution of (4.9).
Proof. Note that,
and
and v ε Ω + ≤ C. Hence,
and w 1 Ω + ≤ Cε −1 e −αd/ε ≤ C. Hence,
Using the arguments in [1] , pg61 and the fact that w
Lemma 7
Proof. Consider the following barrier function
where ψ is the solution of
A simple contradiction argument shows that
From an explicit expression for ψ, one can deduce that
Note also that (−Φ i ± W 2 )(0) ≤ 0, (−Φ i ± W 2 )(1) = 0 and, using the result in the previous lemma,
This completes the proof. From these two lemmas we easily deduce that, for ε ≤ N −1 , we have
Proof. Let us first consider the magnitude of the truncation error at the point of discontinuity
Note that
Also from the proof of Lemma 6
which yields
Using the bounds on the derivatives of w 2 given in Lemma 3, we have
and, by the analysis in §3.
. Collecting all the previous inequalities we get that
Let us now consider the truncation error at the internal mesh points. Using standard truncation error bounds and the bounds on the derivatives of w 2 , we get that for
Finally, for x i ∈ (0, σ 1 ), we have
Combining all of these gives
Consider the following barrier function
The proof is completed in the usual way using (4.12).
Theorem 9 Let U ε , u ε be, respectively, the solutions of (P N ε ), (P ε ). Assume that N ≥ 8, then
whereŪ ε is the piecewise linear interpolant of U ε on Ω and C is a constant independent of N and ε.
Proof. Combining (4.7), (4.10) and Lemma 8 yields the ε-uniform nodal error estimate
To extend this to a global error estimate , follow the argument given in Theorem 3.12 in [1] .
To obtain the bound on the errors in approximations to the scaled derivative, we apply the arguments from §3. The first term is already suitably bounded and we apply the same arguments from [1] to bound the second term.
Conclusion
A two point boundary value problem for a singularly perturbed convection diffusion equation with a singular perturbation parameter ε and a source term having a jump discontinuity at one or more points in the interior of the domain was considered.
We constructed a numerical method for solving this problem, which generates ε-uniformly convergent numerical approximations to the solution and its derivatives. The method comprises a piecewise uniform mesh, which is fitted to the interior and boundary layers and the standard upwind finite difference method on this mesh. We stated and proved a comparison principle for the discrete problem and we introduced a decomposition of the discrete solution, which enabled us to prove a sequence of lemmas leading to the proof of the ε-uniform convergence in the global maximum norm of the approximations generated by the finite difference method.
